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ABSTRACT

Numerous programming and schema languages contain the
notion of value types. However, support for value space-
based subtyping is spotty. This paper presents a formal type
system for atomic value types as an extension of the simply
typed lambda calculus with subtyping. In the Ac-calculus,
value types can be derived through the application of value
space constraints. Type inference rules can be used to infer
transient value space constraints that hold for limited scopes
of a program. The type system of the A¢-calculus is proved
to be sound. The A¢-calculus was fully implemented in Java
and C+#. The presented approach was successfully validated
to subsume XML Schema Definition type construction and
to facilitate the integration of XSD data types with the C#
programming language.

Categories and Subject Descriptors

D.3.3 [Programming Languages|: Language Constructs
and Features—data types and structures, frameworks; D.3.3
[Programming Languages]: Processors—compilers

General Terms

Static typing of value types with constraints

Keywords

Value types, constraints, static typing, type inference

1. INTRODUCTION

Many widely used programming languages such as, for
example, Java and C+# implement nominal subtyping. In
nominative type systems, type compatibility is determined
by explicit declarations. A type is a subtype of another if
and only if it is explicitly declared to be so in its definition.
For pragmatic reasons, programming languages make a dis-
tinction between class types, user-defined value types, and
a limited set of built-in atomic value types (e.g., data types
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int, short). In contrast to class types, in Java and C+#, value
types cannot be used for type derivation. Instead, subtype
relationships between built-in data types are provided extra
by the programming language compiler to take into account
obvious subsumption relationships between the data types’
value spaces. For example, a Java or C# short value can be
used in all places where an int is admissible.

The XML Schema Definition (XSD) [1] type system ex-
tends nominal subtyping with value space-based subtyping.
An atomic data type is a subtype of another if it is explicitly
declared to be so in its definition or if its value space (i.e. the
set of values for a given data type) is a subset of the value
space of the other type. The subset relation of the types’
value spaces is sufficient. The two types do not need to be in
an explicitly declared derivation path. Value spaces can be
defined through the application of value space constraints.
For example, an XSD data type age can be derived from the
built-in data type zsd#nonNegativelnteger through the ap-
plication of the constraint less than 110. XML Schema Def-
inition introduces 19 built-in data types and 11 constraining
facets that can be used for type construction.

Because of their limited set of built-in data types Java and
C# only provide a limited set of isomorphic mappings from
XSD data types to programmatic data types. In general,
compilers for programming languages such as Java or C#
are unaware of the value space-based subtyping that is used
by XML Schema Definition. This impedance mismatch has
been widely acknowledged in the literature [12, 20, 10] and
in practice leads to brittle workarounds such as the gener-
ation of programming language proxy classes for XSD data
types or the use of assertions to enforce XSD value space
constraints within program code.

The contribution of this paper is a formal type system
for constrained! atomic value types as an extension of the
simply typed lambda calculus with subtyping (A<.).

The purpose of the Ac-calculus is manifold. First, it can
be used to formalize the W3C Recommendation for XSD
data types, which up to now only provides natural language
specifications of fundamental type system properties such as
type derivation and subsumption. Second, implementations
of the A¢-calculus can be used for XML schema validation.
Third, the A¢-calculus provides the formal foundation for
the integration of value space-based type construction, type
derivation, and type inference into general purpose program-
ming languages.

Note that, in this work, the term “constrained types” refers to atomic data
types that represent a value space, which may be constrained by explicitly de-
fined constraining facets (e.g., zsd:minEzclusive, zsd:mazEzclusive). This is different
to constraint-based type inference algorithms found in the literature where con-
straints are not checked but rather recorded for later consideration.



2. THE x.-CALCULUS

The type system of the A\¢-calculus provides a formaliza-
tion of the construction, derivation, and inference of atomic
data types. Atomic data types can only have atomic val-
ues, which are not allowed to be further fractionalized even
though this may be technically possible (e.g., the XSD data
type zsd#string is considered an atomic data type despite
the fact that it comprises several distinguishable characters).
Table 1 lists the notations that are used in this work. In
particular, variables S, T, and U stand for atomic types;
superscripted variables S, T, and U™ are used in all
places where both atomic as well as function types are per-
missible. Throughout this paper, XML Schema Definition
will be used to illustrate the practicality of the Ac-calculus.

We begin with the introduction of unconstrained primitive
base types Pi,..., P, € P. Built-in XSD data types such as
rsd#duration, xsd#dateTime, and xsd#decimal are valid el-
ements of P and will be denoted Pxsd#duration, Pxsd#dateTime
and Pysd#decimal, respectively.

A primitive base type P is a triple consisting of a set of
distinct values denoted v(P), called its value space (e.g.,
the value space v(Pxsd#boolean) iS the set {true, false} to
denote a logical true and a logical false), a set of lexical rep-
resentations called its lexical space, and a set of fundamental
facets that characterize properties of the value space (e.g.,
cardinalities, order relations). Primitive base types can only
have atomic values. Function v(P) is defined semantically
for each primitive base type under consideration. Each value
in the value space v(P) of a data type P may be denoted by
more than one literal of its lexical space (e.g., “1” and “1.0”
are both valid lexical representations of the same Pysa#foat
value 1).

2.1 Facets

2.1.1 Fundamental Facets

A fundamental facet is an abstract property that seman-
tically characterizes the values in a value space. The Ac-
calculus includes the fundamental facets equality, partial/to-
tal order, cardinality, boundedness, numeric, and date-time.

Every value space supports the notion of equality, with
the following rules. For any a and b in the value space,
either a is equal to b, denoted a = b, or a is not equal to
b, denoted a # b. There is no pair a and b from the value
space such that both a = b and a # b. For all @ in the value
space, a = a. For any a and b in the value space, a = b if
and only if b = a. For any a, b, and ¢ in the value space,
if a = b and b = ¢, then a = ¢. For any a and b in the
value space, if a = b, then a and b cannot be distinguished
(i.e. equality is identity). In spite of the fact that value
spaces of particular built-in data types (e.g., Pxsdg#fioat and
Pysas#double) may intuitively appear to be compatible, they
will be treated as pairwise disjoint for primitive base types
P;, P; € P where i # j and i, € 1..n (i.e. P; and P; do not
share any values).

Value spaces may either be partially ordered (i.e. the order
relation is reflexive, transitive, and antisymmetric) or totally
ordered (i.e. the order relation is transitive, antisymmetric,
and total). A data type is said to be partially ordered or
totally ordered if there exists a partial order-relation or a
total order-relation defined for its value space, respectively.
Data types whose value spaces have upper and lower bounds
defined are said to be bounded; unbounded if no such bounds

exist. Value spaces may be finite or countably infinite. A
data type is said to have the cardinality of its value space.
The cardinality of a value space is the number of elements
in the value space. A data type is said to be numeric if
its values are conceptually quantities in some mathematical
number system. A data type is said to be a date-time data
type if its values denote dates and times as in the ISO 8601
standard of date and time-related data exchange [8].

2.1.2 Constraining Facets

In the Ac-calculus, atomic data types are computational
structures, where the only operations are constraint appli-
cations. A constraining facet is an optional property that
can be applied to an atomic data type to constrain its value
space. A value space v(T') is the set of values for a given
atomic data type 7T

The value space of a base type T' can be restricted by the
application of one or more constraints ¢; = ¢(TV)b; iel.n
Each constraint ¢; has a type variable TV, which is to
be bound to a base type T, and a body b that possibly
constrains the value space v(T'). The letter ¢ is used as
a binder for the base type parameter TV. A constraint
¢ = ¢(TV)b where the type variable TV is bound to a
base type T' (denoted by ¢{{TV <« T'}}) has a value space
v(c{{TV < T}}) comprising all elements of the value space
of the base type T that satisfy the comparison operations
defined in the constraint body b. A constraint body b =
{z|lz € v(TV)} N {z|z < literaly} defines the intersec-

kel..

.m
tion of the value space of TV and those values that satisfy

the properties = < literaly, "€'™. Depending on the con-
straining facet '<’, literaly is interpreted as a lexical repre-
sentation of an element of v(TV) or of another value space
that is implicitly effective for the constraining facet. For
example, if TV is bound to the XSD data type Pisd#gvear,
literaly, is interpreted as a lexical representation of a Grego-
rian calendar year while it is taken as an integer number for
the constraining facet cxsd:length, Which defines the length of
string data types. The comparison operators given in Table
2 can be substituted for the operator placeholder <’ in con-
straint bodies to capture the constraining facets as defined
in the W3C Recommendation for XML Schema Definition.

Table 2: Comparison operators for XSD
Comparison operator XSD constraining facet

7= Cxsd:length (C?:)

7> Cxsd:minLength (C7>)
?< Cxsd:maxLength (C?<)
77?7 Cxsd:pattern (077)

$: Cxsd:enumeration (CSB:)
<= Cxsd:maxInclusive (CS)
< Cxsd:maxExclusive (C<)
> Cxsd:minExclusive (C>)
>= Cxsd:minInclusive (CZ)
%% Cxsd:totalDigits (C%%)
%. Cxsd:fractionDigits (0%4)

Constraints where both the comparison operator and the
(single) literal of the constraint body are given are denoted
by a c subscripted with the operator symbol or the name of
the constraining facet followed by the literal (e.g., c(< 5 and
Clxsd:maxExclusive 5] denote the exclusive upper bound ‘five’).

The A¢-calculus comprises formal subsumption rules not



Table 1: Terminology of the Ac-calculus

P, ....,P,eP
I, U
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)
o(TV)b
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S,

primitive base types (e.g., Pxsd#boolean, Pxsd#string)
atomic types

atomic or function types

value space of type T

constraint ¢ with base type parameter T'Vand body b
{z|lx € v(TV)} [\ {z|z < literal,} constraint body b with base type parameter T'V

constraint application

multiple constraint application

i€l..n

f{TV «+T}} type variable binding in constraint c
v(c{{TV «T}}) value space of bound constraint ¢
— substitution

<: subtype of

< subconstraint of

only for the actual data types but also for the constraints
that are used for type construction. Thus, both data types
and constraints are first-class citizens in the calculus, which
facilitates value space-based subtyping as will be shown be-
low. A constraint ¢; = ¢(TV1)b; is a sub-constraint of a
constraint co = ¢(TV2)bs if the base type parameters TV
and TV are bound to the same base type 1" and the value
space v(c1{{TV1 < T}}) is subsumed by v(c2{{TV2 +
T}}) as shown in Table 3. Variable T is implicitly all-
quantified for all types on which both ¢; and c2 can be ap-
plied. Note that type/constraint compatibility can only be
defined semantically. Hence, in the rest of the paper, for
all applications of constraints on types user-defined compat-
ibility is assumed. For example, Section 4.1.5 in part 2 of
the W3C recommendation for XML Schema Definition [1]
defines the set of applicable constraints on XSD data types.

Table 3: S-CstrVSpace

v(e{{TV «T}}) C v({{TV +T}})
c1 <t cC2

Rule S-CSTRVSPACE subsumes the subconstraint axiom
S-CsTRWIDTH and the subconstraint rule S-CSTRDEPTH.
The width subconstraint axiom S-CSTRWIDTH (see Table 4)
captures the intuition that one wants to consider the con-
straint ¢; = ¢(TV){zlz € v(TV)} ( {z|z < literal;}

i€l..ntk

€

with n+ k& predicates defined to be a subconstraint of less re-
strictive ca = ¢(TV){z|z € v(TV)} N {z|z < literal;}.
i€l.n

Axiom S-CSTRWIDTH applies only to constraints where
the common properties z < literal; *s**™ are identical and
fewer properties are defined in the body of constraint ce than
in the body of ¢;. It is also safe to allow the comparison
operands literal; "1™ to vary as long as the value spaces
of each corresponding comparison operation are in the sub-
set relation. The depth subconstraint rule S-CSTRDEPTH as
shown in Table 5 captures this notion.

As shown below, a more restrictive constraint succ(c) can
be computed by replacing the literal { in the body of con-
straint ¢ by its successor succ(l) or predecessor pred(l) de-
pending on the used comparison operator and bound base
type such that, the resulting value space of the constrained
type becomes more specific. Note that here the variable [
stands for literal values while the variable ¢ denotes a con-

straint (i.e. the definition of succ(c) is not circular).
¢ = ¢(TV){zlz € v(TV)} N {a|z < 1}

Cpred = S(TV){zlw € v(TV)} N {a|z < pred(l)}
Canee = H(TV){z|z € v(TV)} N {zfa < succ(l)}

suce(c) = cpred Iff V(cpred{{TV « T}}) Cu(c{{TV « T}})
csuce T U(csucc{{TV < T}}) Co(c{{TV + T}})

The successor succ(c) of a constraint ¢ is undefined if there
are no constraints cprea and csucc whose values spaces — when
applied on a base type T' — are subsumed by v(c{{TV <+
T1}}). In this case, it is not possible to derive further sub-
types using constraint c¢. As a result, the constraint’s host
type to which the base type parameter TV is bound is final
over constraint ¢ (e.g., a constraint that defines the exact
length of strings cannot be used to derive subtypes).

2.2 Type Derivation

In the Ac-calculus, atomic types are inductively defined
by their value spaces. Atomic types are derived through
the application of value space constraints written T.c for an

T
atomic type T" and a constraint c¢. The notation () ¢

i€l.n
is a shorthand for the subsequent application of multiple
constraints c¢i1 ...c, on type T (i.e. T.ci..... ¢n). The order

in which constraints are applied has no significance and can
be permuted by implementations for optimization purposes.
Constraint applications on atomic types can be reduced

Ty
to set operations on their value spaces. Let T, = [ «
1€l..n
be an atomic type, which shall be derived from a given base

type 1o based on a number of constraints ci,..,c,. The
effective value space v(7Ty) of the derived type T, can be
computed by reducing the sequence of constraint applica-
tions Tp.c1....c, to the successive application of constraints
ci on type Ti_1 for k = 1,..,n such that, T, = Tk_1.ck.
Accordingly, v(Tx) = v(ck{{TV « Tk-1}}).

A value space expression v(cg{{TV « Tk_2.ck—1}}) may
be rewritten as v(cx{{TV < Ti—2}}) Nv(ck—1{{TV «+
Tr—2}}) as long as type definitions within a derivation chain
are not subject to change. If in a derivation tree a type
definition T is substituted by a more specific type defini-



Table 4: S-CstrWidth

(TV){zle € o(TV)}

i€l..n+k

N A{zlz <y} <=

TV ){zle € o(TV)} ieﬂn{wlw < i}

Table 5: S-CstrDepth

for each i {z|z <y} C {z|z <z}

H(TV){z|z € v(TV)}iEQn{:da: <yt <= @(TV){z|z € U(TV)}Z‘GO'”{:MQ: <z}

tion 7" (denoted by T +— T"), all dependent type definitions
change accordingly as defined by rule TD-SUBS (note that T’
and 7" must be derived from the same primitive base type).
For example, if in a derivation tree T3 <: T> <: T1, where
T2 = Tl.Cll and T3 = TQ.CQ, TQ —> T2.612, then T3 — T3.C12,

Table 6: Td-Subs

T—T
Tec—T'c

2.3 Subtyping

A main characteristic of object-oriented languages is that
an object can emulate another object that has fewer meth-
ods, since the former supports the entire protocol of the
latter. Analogously, for constrained data types as defined in
this work, the basic rules of subtyping are effective: reflexiv-
ity, transitivity, and subsumption. Additionally, width and
depth subtyping rules apply to atomic data types that are
constrained by one or more constraining facets.

A type S is considered to be a subtype of T' (denoted by
S <: T) if the value space of S is a subset of the value space
of T as shown in Table 7. In particular, S and T" must be
derived from the same primitive base type since otherwise
their value spaces would be disjoint. The non-algorithmic
rule S-VSPACE subsumes the width and depth subtyping
rules S-WIDTH and S-DEPTH.

A type S is considered to be a subtype of U if both types,
S and U, are derived from the same base type T through the
application of constraints and fewer constraints are defined
for type U than for S. The intuition that it is safe to add
constraints to an atomic type is captured by the width sub-
typing rule S-WIDTH for constrained atomic types as shown
in Table 8.

Constraints that are defined for atomic types may vary
as long as the value spaces of each corresponding constraint
are in the subset relation (i.e. the constraints are in the sub-
constraint relation denoted by ¢ <:: d). The depth subtyping
rule S-DEPTH for constrained atomic types as shown in Ta-
ble 9 expresses this notion.

The subtyping rule S-APP captures the notion that a con-
straint application always makes a type more specific, which
is required for the soundness proof of the Ac-type system.

Table 7: S-VSpace

v(S) Cu(T)
S<:T

Table 8: S-Width

T T
SI ﬂ C; U = m C;
i€l.n+k i€l..n
S<:U

Table 9: S-Depth

T T
foreachi ¢; <u:di S= () & U= () d
i€l..n i€l..n

S<:U

In the Ac-calculus, the subtyping rule S-ARROW (see sec-
tion Subtyping in Table 14) for function types is the standard
one with covariant return types and contravariant function
parameters (i.e. a function type is contravariant in its do-
main and covariant in its range). For constrained atomic
data types that are embedded with a conventional object-
oriented programming language, the subtyping rule for func-
tion types could follow the same scheme. However, while
covariant return types and contravariant formal parameter
types are generally safe, different programming languages
support different variance policies. Although the calculus
presented in this work uses a specific implementation of the
subtyping rule for function types, different behaviors of host
programming languages may be adopted.

2.4 Properties of the \--Type System

The most fundamental property of type systems is safety
(also called soundness). The soundness of a type system
can be shown by proving the progress and preservation the-
orems, which say that a well-typed term is either a value
or it can take a step of evaluation and if a well-typed term
takes a step of evaluation then the resulting term is also
well-typed, respectively. In [19], proofs of the progress and
preservation theorems for the simply typed lambda-calculus
with subtyping (A<.) are given. Both proofs are based on
straightforward induction on a derivation of ¢t : T. Both
properties are preserved in the Ac-calculus because the type
construction mechanisms do not pertain to the original A<.-
typing and evaluation rules. What remains is to prove the
subsumption property for constrained types.

Table 10: S-App

s<T
Sc<:T



Intuitively, S <: T can be read “every value described by
S is also described by T”. According to rule S-TRANS (see
section Subtyping in Table 14), type derivations must only
yield types whose value spaces are more specific than those
of their base types. The proof of the following lemma shows
that this subsumption property is always satisfied for type
derivations in the Ac-calculus.

Lemma 2.1 (Subsumption) If S’ <: S and S <: T then
S <:T.

Proof: There is almost nothing to show since in the A¢-
calculus atomic types can only be derived through constraint
applications.

Case S' = S.c, where ¢ = ¢(TV ){z|x € v(TV)} N{...}
For a type derivation S’ = S.c, where ¢ = ¢(TV){z|z €
v(TV)} N {...} is an arbitrary constraint, the value space
v(8") = v(e{{TV «+ S}}) reduces to {z|z € v(S)} N {...}.
Consequently, all elements of v(S’) are also elements of v(.5)
and the subtyping rule S-VSPACE can be applied to conclude
that S" <: T. O

2.5 Type Inference

In the purely functional Ac-calculus, atomic types can
be derived through explicit applications of value space con-
straints. This form of type construction mimics the seman-
tics of XML Schema Definition. This section indicates how
type inference of constrained Ac-data types can be accom-
plished in an imperative programming language.

The Ac¢-calculus given in Table 14 is purely functional.
In particular, variables are immutable and there are no as-
signments, which are commonly considered harmful in the
functional programming community. On the other hand, as-
signments add a great deal of convenience to a programming
language by allowing for the implementation of mutable, im-
plicit, distributed state. Several approaches in the literature
[16] therefore propose extensions of functional programming
languages with constructs and reduction rules that represent
mutable variables and assignments. The type construction
mechanism of the A¢-type system facilitates the inference of
transient value space constraints that hold for mutable vari-
ables within only a limited scope of an imperative program.

We introduce the typing rule T-REL, which provides for
the use of relational expressions with if-statements. Rela-
tional expressions relate variables with expressions that de-
note elements of the value space of the primitive base type
of the variable type.

Table 11: T-Rel

a:A A<:P we€v(P)
a < e: Bool

Next we define the notion of a program scope. A scope
within a program is denoted by ¢, a sub-scope of ¢ is de-
noted by ¢o. A program scope may, for example, be the
then-branch of an if-statement; a sub-scope of this scope
may be the remainder of the then-branch after a variable
assignment.

Considering the then-branch of an if-statement of the
form if (a < e) then o it is safe to add the constraint ci
to the type of variable a. The constraint c; ¢ holds for the

instance a within scope ¢ until a is assigned a value (i.e. in
a programming language with side effects a must also not
be referenced by method invocations). These two intuitions
of adding constraints to the type of a variable for a limited
scope and eventually removing them upon an assignment to
the variable are captured by the rules T1-IFADD and Ti-
ASSIGNREM as shown in Tables 12 and 13, where I" and T',
are a typing context and a transient typing context for a
limited scope ¢, respectively (i.e. I'oo is the typing context
of the sub-scope ¢0).

Table 12: Ti-IfAdd
'ta:A if ( N (a=;e)) then o

i€l..n

A
I'oba: N ¢ ;¢ ={zlrecv(A)}n{z|r < ve YL
i€l..n
Table 13: Ti-AssignRem

A
'F¢t:T Tra:A Tola: () ¢ a:=t
i€l..n

ToobFa: A

The following example illustrates the effect of the Ti-
IFADD rule on the type checking of programs written in
a prospective extension of the A¢-calculus with imperative
constructs. Under the assumptions - x : Age and + a :
Pysd#nonNegativelnteger, Where the value space of type Age
includes integer numbers from 0 to 110, the following as-
signment will fail to type-check according to rule S-VSPACE
since v(Pxsd#nonNegativelnteger) & U(Age). The assignment
does, however, type-check if it occurs within the then-branch
of an if-statement as shown below.

X = a

if (a <= 110) then x := a endif

For the scope of the then-branch the type of a can be
inferred to be szd#nonNegativeInteger-C[S 110]- USiIlg the sub-
typing rule S-VSPACE one can conclude that the inferred
type szd#nonNegativeInteger-C[S 110] is a SUbtype of Ag@

In practice, implementations of the Ac-type system such
as the one of the Zhi# programming language (see Section
3) may consider only ANDed top-level relational expressions
in if-statements for type inference. In this way, the type
inference algorithm is rather conservative (i.e. incomplete),
which is likely to be sufficient in practice since the effects
of type inference should still be comprehensible for the pro-
grammer. For fundamental reasons, the proposed kind of
type inference will always be incomplete since otherwise the
inference algorithm would solve the Halting Problem (for
the same reason, there is no “optimal” compiler).

3. VALIDATION

The Ac-calculus was fully implemented in Java and C#.
The extensible architectural model of this implementation,
which is elucidated in detail in [17], allows for the imple-
mentation of arbitrary type systems that are based on the
notion of value space-based subtyping and constraint-based
type derivation (e.g., XSD, OCL, SQL).
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In particular, the Java and C# Ac-frameworks were used
to implement the XML Schema Definition type system. The
Ac-based XSD processors facilitate reading and writing of
XSD data type definitions, XSD data types can be con-
structed in-memory using an object-oriented API, and data
values can be validated to conform to the content model of
given XSD data type definitions.

3.1 The CHIL Knowledge Base Server

The Java implementation of the A¢-based XSD processor
was employed in the CHIL Knowledge Base Server in order
to augment its API for the Web Ontology Language (OWL)
[11] with extensive support for XSD data types, which are
the range of OWL datatype properties. The CHIL OWL
API was successfully used in the CHIL research project [7]
to adapt the Jena Semantic Web Framework [6] and to com-
pensate for Jena’s limited support for XSD data types [18].
The CHIL Knowledge Base Server is available online?.

3.2 The Zhi# Programming Language

The C# implementation of the A¢-based XSD processor
was used for the XSD plug-in for the Zhi# programming
language [17]. Zhi# is a proper superset of C# 1.0 and
is extensible with respect to external type systems. The
Zhi# compiler framework® provides two extension points
for semantic analysis and program transformation that can
be implemented by compiler plug-ins to make external type
definitions available in Zhi# program code. Thus, external
type definitions can be seamlessly used with features of the
C+# programming language such as, for example, method
overriding and user defined operators. In addition, compiler
plug-ins can contribute type inference for atomic data types.

3.2.1 Implementation of XSD data types

The following code snippet illustrates the use of XSD
data types in Zhi# program code. In line 1, XSD built-
in data types are imported. In line 5, A¢-based validation
is used by the Zhi# compiler (i.e. the XSD plug-in) to re-
ject the assignment of a signed 32-bit integer value to an
zsd#positivelnteger variable. In line 6, using rule T1-IFADD,
the value space of variable i is inferred to be an integer num-
ber greater than or equal to one and less than 23, where the
former constraint only holds within the limited scope of the
if -statement and rule T1-ASSIGNREM is used to remove this
transient constraint in line 8. Type checks can be deferred
to runtime by the use of downcasts as shown in line 9.

import XML xsd = http://www.w3.0org/2001/XMLSchema;
class Program {

public static void Main() {

int i = new Random().Next (); // —2% <i<2%

#xsd#positivelnteger pi = i; Error!

if (i>=1) {

pi = i; /] 1<i<2%
#xsd#positivelnteger pi = /] =231 <i <23
(#xsd#positivelnteger) 1i; // Warning. . .

In [17], the superiority of an integration of XSD data types
into a programming language by means of the A¢-calculus
is shown by contradistinction with the four mapping options

2http://chilkbs.sourceforge.net
3http://zhisharp.sourceforge.net

for atomic XSD data types as proposed by Limmel and Mei-
jer [10]. Static typing of XSD data types provably reduces
the number of possible runtime validation errors.

3.2.2 Implementation of OCL invariants

Although developed in the first place to facilitate the hand-
ling of XSD data types, the usefulness of the Ac-type system
is not limited to XML Schema Definition. This section out-
lines the implementation of OCL invariants with Ac-data
types in a Zhi# program.

The Object Constraint Language (OCL) [13] has been in-
cluded with the specification of the Unified Modeling Lan-
guage (UML) [14, 15] since UML version 1.1. OCL provides
means for textually specifying constraints, which apply to
model elements, that cannot otherwise be expressed by the
diagrammatic notations of UML. A very frequent constraint-
/model element combination is the use of OCL invariants to
tag UML class attributes. Invariants are described using an
expression that evaluates to true if the invariant is met. For
example, given a class Person, the following invariant defi-
nitions restrict the age of a person to values greater than or
equal to zero and less than or equal to 110; also, persons can
only have names that are not longer than 40 characters.

context Person
inv age >=0 && age <= 110
inv  name.size() <= 40

There is a plethora of approaches that implement OCL
invariants by means of runtime checks that are, for exam-
ple, facilitated by means of aspect-oriented programming
(AOP) [9] based tools and techniques. In contrast, in the
Zhi# programming language, OCL invariants can be di-
rectly translated into Ac-data types. Thus, OCL invariants
can be substituted by context-free type definitions and run-
time invariant checks can be substituted by compile time
analysis. Also, no additional tool suite (e.g., AOP compiler)
is entailed by the Zhi# solution.

4. RELATED WORK

Jeffrey S. Foster et al. [4] developed the CQUAL tool that
can be used to extend standard types with flow-sensitive
type qualifiers. The formal foundation of CQUAL is consti-
tuted by the type system of the call-by-value lambda cal-
culus that was extended with pointers and type qualifier
annotations. Type inference checks that given annotations
are correct, where CQUAL’s flow sensitivity is restricted to
the decorating type qualifiers. In the Ac-calculus, types are
explicitly constructed using value space constraints, which
may be modified entirely by also flow-sensitive type infer-
ence. CQUAL’s type qualifiers are rather complementary to
the actual type information in order to, for example, anno-
tate objects with required state information (e.g., to describe
an open File) and there are only ad hoc user-defined subtype
relations between type qualifiers while there are formal sub-
typing rules for value space constraints in the Ac-calculus.

Brian Chin et al. introduced semantic type qualifiers [2]
to support user-defined type refinements, which ensure ad-
ditional invariants of interest (e.g., nonnull, nonzero). Just
like in the A¢-calculus, value-qualified types are always con-
sidered to be subtypes of their associated unqualified types
(cf. the width subtyping rules in the Ac-calculus). Still, in
contrast to the Ac-type system there is no support for ex-
plicit subtype declarations between user-defined qualifiers.
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An important difference is that in the work of Brian Chin et
al. associated type rules of type qualifiers are defined for par-
ticular code patterns (i.e. knowledge is assumed about the
syntax of the programming language), which is not required
for constrained type definitions in Zhi#. On the other hand,
Brian Chin et al. provide an automatic soundness checker to
prove the declared invariants for type qualifier definitions.
In their subsequent CLARITY approach [3], qualifier rules
can be automatically inferred from given invariants. Both
CQuAL and CLARITY were instantiated in frameworks for
user-defined type qualifiers in C programs.

The JQUAL tool [5] adds user-defined type qualifiers to
Java. JQUAL supports subtyping orders of type qualifiers,
which, however, must be supplied manually.

S. CONCLUSION & OUTLOOK

The author devised an extension of the simply typed lamb-
da calculus with subtyping (A<.) for constrained atomic data
types. The A¢-calculus provides for static typing of con-
strained atomic data types. Types are derived through the
application of value space constraints. A soundness proof
of the A¢-calculus was obtained. The A¢-calculus was fully
implemented in Java and C# for the XML Schema Defini-
tion type system. Ac-based XSD processors were used to
augment an API for the Web Ontology Language with sup-
port for XSD data types and to integrate XSD data types
into the C# programming language. The A\c-calculus has
shown to be a viable solution to making value space-based
subtyping and constraint-based type derivation available for
API and programming language-centric use alike.

Current work includes the integration of type inference
with the Ac-calculus based on an extension of the calculus
with assignments and mutable variables.

The Ac-calculus is not limited to XSD data types but can
be used for the implementation of any type system where
types are inductively defined through their value spaces.
Currently, a tool is being developed that generates Ac-type
definitions from OCL invariant expressions. Thus, OCL in-
variants are translated into Zhi# program code that can be
checked at compile time as opposed to runtime.
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APPENDIX
A. THE x\.-CALCULUS

Table 14: The Ac-Calculus (extends the A<.-calculus)

Syntax
t o= terms:
x variable
Ax Tt abstraction
tt application
v o= values:
ATt abstraction value
true true value
false false value
T = types:
T7 =T~ type of functions
Top maximum type
Bool type of booleans
P a4 b ooleant ol oy Fxsd ¢ string primitive base types
T.c constraint application
cu= constraints:
c=¢(TV){zlz € v(TV)} (O {z|z < lteraly} constraint
kel..m

I .= contexts:
1%} empty context
Dx:T™ term variable binding
FEvaluation t—t

t1 — t
L1 (E-APP1)
t1to — tth

to — 1
R L . (E-ApP2)
vits — ’U1t2
()\l‘ : Tﬁ.tm)'vg — [ZC — vg]tlg (E—APPABS)

if true then to else ts — to (E-IFTRUE)

if false then to else ts — ts (E-IFFALSE)

t1 — ]

. 1 (E-IF)

if t1 then to else t3 — if t| then t2 else t3
Typing r+t: T~
z:T7 el
- T-VAr
TFz:T ( )

Tyx:Ty Fto: Ty
A S (T-ABs)

TFXz: Tt T — Ty

over, please




Table 14: The A¢-Calculus (extends the A<.-calculus)

F|_t1T1_1>—>T1_2> F}_tQTl_f
T tity: Tog

'kt: 87 S7<T7
'Ht: T~

true : Bool

false : Bool

t1: Bool to:T7 t3:T
if t1 then to else t3 : T

Subtyping

ST < S7

ST < U” U7 <:T”
S— < T

S7 <:Top

T <: 87 Sy < Ty
S =Sy < Ty = T3

v(S) Cu(T)
S<:T
T T
SI ﬂ C; UI m C;
1€1l..n+k i€l..n
S<:U

T T
foreach ¢ ¢; <:dy S= () &« U= () d;
1

i€l..n i€l..n
S <:U
ST
Sc<:T
V(e {{TV +T}}) C v(ef{TV + T}})
c1 <ii Cc2

d(TV){z|z € v(TV)} _elﬂ +k{$\$ <wi} <u S(TV){z|lz € v(TV)} 'EO {zlz <y}

for each i {z|z <y} C {z|z <z}

$TV)(ale € W@V} N (ole <} < 9(TV){ele € 0TV} N (ol < =)

Type derivation

T— T
Tc— T .c

(T-AppP)

(T-SuB)
(T-TRUE)

(T-FALSE)

(T-Ir)

ST < T
(S-REFL)
(S-TRANS)
(S-Top)

(S-ARROW)

(S-VSPACE)

(S-WIDTH)

(S-DEPTH)

(S-App)

(S-CSTRVSPACE)

(S-CSTRWIDTH)

(S-CSTRDEPTH)

T—T

(Tp-SuBs)
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